Abstract Convexity and Fixed Points  by Ben-El-Mechaiekh, Hichem et al.
 .JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 222, 138]150 1998
ARTICLE NO. AY985918
Abstract Convexity and Fixed Points
Hichem Ben-El-Mechaiekh*
Department of Mathematics, Brock Uni¨ ersity, St. Catharines, Ontario L2S 3A1,
Canada
Souhail Chebbi
CERMSEM, Uni¨ ersite de Paris I, 75 647 Paris Cedex 13, FranceÂ
Monique Florenzano²
CNRS-CEPREMAP, 75013 Paris, France
and
Juan-Vicente Llinares³
CEPREMAP, 75013 Paris, France
Submitted by Arrigo Cellina
Received April 23, 1997
The purpose of this paper is to extend Himmelberg's fixed-point theorem,
replacing the usual convexity in topological vector spaces with an abstract topologi-
cal notion of convexity that generalizes classical convexity as well as several metric
convexity structures found in the literature. We prove the existence, under weak
hypotheses, of a fixed point for a compact approachable map, and we provide
sufficient conditions under which this result applies to maps whose values are
convex in the abstract sense mentioned above. Q 1998 Academic Press
*Supported by the Natural Sciences and Engineering Research Council of Canada. Current
address: Department of Mathematics, The American University of Sharjah, P.O. Box 26666,
Sharjah, UAE.
² E-mail: monique.florenzano@cepremap.cnrs.fr.
³Supported by a TMR scholarship of EU.
138
0022-247Xr98 $25.00
Copyright Q 1998 by Academic Press
All rights of reproduction in any form reserved.
ABSTRACT CONVEXITY AND FIXED POINTS 139
1. INTRODUCTION
w x .The Himmelberg theorem 11 , Theorem 2 generalizes to correspon-
dences the Schauder fixed-point theorem. It asserts that every compact
upper semicontinuous correspondence F with nonempty closed convex
values from a nonempty convex subset X of a locally convex topological
vector space E into itself has a fixed point. The first important step in
proving this theorem when E is a normed space is to show that the
 .correspondence F can be approximated in the sense of the graph by
continuous single-valued functions. A straightforward use of the Brouwer
 .fixed-point theorem applied to those approximations , together with com-
pactness arguments, concludes the proof see, for example, the proof of
w x.Theorem 5.11.3 in Dugundji and Granas 9 . In Ben-El-Mechaiekh and
w x w xDeguire 5 and in Ben-El-Mechaiekh 4 , a thorough study of correspon-
dences that can be approximated in this way called approachable corre-
.spondences was presented, with emphasis on nonconvex correspondences.
Among other things, a version of Himmelberg's theorem for approachable
upper semicontinuous compact correspondences defined on a convex sub-
set of a locally convex topological vector space was proved Lemma 4.1
.below .
The first concern of this paper is to extend this theorem for the class of
.approachable correspondences by replacing the usual convexity in topo-
logical vector spaces with a quite general abstract convexity concept
defined in topological spaces. Second, and to state a ``topological analogue''
of the Himmelberg theorem, we provide sufficient conditions for a map
whose values are convex in an abstract topological sense to be approach-
able.
Our paper is organized as follows:
In Section 2, we recall some definitions and extend to a uniform spaces
setting some definitions previously given in the context of topological
vector spaces.
In section 3, we introduce a convexity concept that encompass most of
the convexity structures previously defined in the literature, to extend the
Brouwer or the Kakutani theorems. We then give some analogues of
Cellina's approximation theorems for upper semicontinuous correspon-
 .dences with nonempty generalized convex values.
In Section 4, a fixed-point theorem for compact, upper semicontinuous
 .with nonempty closed values , approachable self-correspondences is
proved for a large class of uniform convex spaces and for the most general
convexity structure. Taking into account the conditions of application of
this result given in Section 3, this theorem allows for a generalization
of most of the Himmelberg-type fixed-point theorems.
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2. PRELIMINARIES
Let X, Y be two sets and F: X ª Y be a set-valued map simply called
.correspondence . The graph of F is the set
graph F s x , y g X = Y N y g F x . 4 .  .  .
If X : Y, a fixed point for a correspondence F: X ª Y is an element
 .x g X with x g F x .
If X and Y are topological spaces, a correspondence F: X ª Y is said
 .to be upper semicontinuous u.s.c. on X if for any open subset V of Y, the
  . 4set x g X N F x ; V is open in X.
 .In this paper, the pair X, U denotes a uniform space, where U is a
basis of symmetric entourages for some uniformity on the space X. Given
w x U g U, the U-ball around a given element x g X is the set U x s x9 g
 . 4X N x, x9 g U . The U-neighborhood around a given subset A ; X is the
w x w x  w x 4set U A s D U A s y g X N U y F A / B . It is well known thatx g A
 w x 4for every x g X, the sets U x N U g U form a basis of neighborhoods of
x for the uniform topology on X. A topological space is said to be
uniformizable if there exists U such that the topology given on X is the
 .uniform topology associated with X, U .
 .  .If X, U and Y, V are uniform spaces and if F: X ª Y is a corre-
spondence, instead of the upper semicontinuity of F, we will use the
following slightly weaker continuity property equivalent to upper semicon-
.tinuity for compact-valued maps :
w x;V g V , ; x g X , 'U g U , F U x ; V F x . 1 .  . .
In what follows, all topological spaces are supposed to be Hausdorff,
 4which means for uniform spaces that F U N U g U is the diagonal of
X = X.
The definitions and properties of the class A of approachable corre-
w xspondences, given in Ben-El-Mechaiekh 4 and Ben-El-Mechaiekh and
w xDeguire 5 , in the case where X and Y are topological vector spaces, are
easily extended to the uniform spaces setting.
 .  .Let us first recall that if X, U and Y, V are two uniform spaces and
if
W s x , y , x9, y9 g X = Y = X = Y N  .  .  .  . .
x , x9 g U, y , y9 g V ,4 .  .
 .then the family W is a basis of symmetric entourages for theU g U , V g V
product uniformity, and that the associated uniform topology on X = Y is
the product of the uniform topologies on X and Y.
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 .  .DEFINITION 2.1. Let X, U and Y, V be two uniform spaces and let
F: X ª Y be a correspondence. Given a member W of W , a function
s: X ª Y is said to be a W-approximati¨ e selection of F if and only if
graph s ; W graph F . .  .
DEFINITION 2.2. Let X and Y be topological spaces. The correspon-
dence F: X ª Y is said to be approachable if and only if
 . i X and Y are uniformizable with respective basis of symmetric
.entourages U and V .
 .ii F admits a continuous W-approximative selection for each W in
 .W the basis of the product uniformity on X = Y .
 .Let c X, Y be the class of continuous functions X ª Y. Note that, in
 .view of the symmetry of the entourages in U, V , and W , condition ii is
equivalent to
;U g U , ;V g V , 's g c X , Y such that .
w x; x g X , ' x9 g U x with s x g V F x9 . .  .
The class A of correspondences from X into Y is defined by
 4A X , Y [ F : X ª Y N F is approachable . .
 .  .We write A X for A X, X .
It is clear from Definitions 2.1 and 2.2 that the problem of finding a
graph-approximation for a given correspondence F reduces to that of
finding a selection for an open neighborhood of the graph of F. With this
in mind, let us first observe that with some compactness, every nonempty
valued u.s.c. correspondence admits an open-graph majorant. More pre-
cisely:
 .  .LEMMA 2.3. Let X, U , Y, V be two uniform spaces with X paracom-
 .pact, and assume that F: X ª Y satisfies 1 and has nonempty ¨alues.
Then, for any pair of entourages U g U, V g V , there exists an open-graph
map, depending on U and V, C : X ª Y, such thatU, V
w xF x : C x : V F U x , ; x g X . .  .  .U , V
 .  .Proof. Let U, V g U = V be given. Without loss of generality, we
 .can assume that all U g U and V g V are open. By 1 , for each x g X,
 w x. w  .x  4there exists U ; U such that F U x ; V F x . Let O be ax x i ig I
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 w x4point-finite open refinement of the cover U x , i.e., for every i g I,x x g X
w x  .  4O ; U x for some x g X, and the set I x [ i g I N x g O is finite.i x i i ii
Define the correspondence C : X ª Y by puttingU, V
C x s V F x , x g X . .  .FU , V i
 .igI x
 .  .Clearly, F x ; C x for all x g X. Moreover, for every x g X andU, V
 .  . w  .xevery i g I x , we have C x ; V F x . If x9 g F O thenU, V i ig I x . i
 .  .  .  .  .I x ; I x9 , and consequently, C x ; C F O ; C x .U, V U, V ig I x . i U, V
 .  .Finally, for any given x g X, the set F O = C x is an open setig I x . i U, V
 4  .around x = C x contained in the graph of C , i.e., C has anU, V U, V U, V
open graph.
We will also make use of the following lemma; it rephrases, in the
w xcontext of uniform spaces. Proposition 2.5 in Ben-El-Mechaiekh 4 , and its
proof is therefore omitted.
 .  .  .LEMMA 2.4. Let X, U , Y, V Z, W be three uniform spaces, with Z
compact, and let C: Z ª X, F: X ª Y be two u.s.c. closed ¨alued ap-
proachable correspondences; then so is their composition product F(C.
3. APPROACHABLE CORRESPONDENCES AND
 .LOCALLY GENERALIZED CONVEX SPACES
We now give the details of the topological convexity notions that we will
use in this paper. Generally speaking, a convexity structure on a set E is
given by a family of C of subsets of E, stable under finite or infinite
intersections and containing E and the empty set. The elements of C are
said to be C-convex, and for any X ; E, a natural definition of the
C-convex hull of E is
 4co X s Y N X ; Y and Y is C-convex .FC
 .In what follows, E stands for a topological space. If E, U is a uniform
 .space and C is a convexity structure defined on E, then E, U is said to
w xbe locally C-con¨ex if U is such that for every U g U, U X is C-convex
whenever X ; E is C-convex. It should be noted that with this definition,
w xU-balls U x are not necessarily convex.
A quite general convexity structure on the topological space E can be
 :given as follows. Let E denote the family of all nonempty finite subsets
 4of E. If n is any integer and if J ; 0, 1, . . . , n , D will denote then
unit-simplex of R nq1 and D the face of D corresponding to J, i.e.,j n
 4 nq1D s co e N j g J , where e , e , . . . , e is the canonical basis of R .j j 0 1 n
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DEFINITION 3.1. An L-structure on E is given by a nonempty set-val-
 :ued map G: E ª E verifying
 .  :  4) For every A g E , say A s x , x , . . . , x , there exists a0 1 n
A  .  4continuous function f : D ª G A such that for all J ; 0, 1, . . . , n ,n
A .  4.f D ; G x , i g J .J i
 .The pair E, G is then called an L-space, and X ; E is said to be
 :  .L-con¨ex if ;A g X , G A ; X.
It should be emphasized that Definition 3.1 implicitly assigns to each
 :A g E an order on the elements of A, i.e., if A has n q 1 elements, a
 4bijection p : A ª e , e , . . . , e . That this implicit order does not need to0 1 n
be made explicit is justified by the following obvious remark.
 :Remark 3.2. Let G: E ª E. If A ; E has n q 1 elements and if
A, p 0  .there exists a bijection p and f : D ª G A satisfying the condition0 n
 4 A , p 0 y1;J ; 0, 1, . . . , n , f D ; G p e N i g J , .  . 4 .J 0 i
 4 A, pthen for every bijection p : A ª e , e , . . . , e , there exists f : D ª0 1 n n
 .G A satisfying
 4 A , p y1;J ; 0, 1, . . . , n , f D ; G p e N i g J . .  . 4 .J i
A, p  . A, p 0  y1 . ..Indeed, it suffices to define f  l e s f  l p (p e .ig J i i ig J i 0 i
Clearly, the L-convex subsets of E form a convexity on E. If X is an
 < .L-convex subset of E, the pair X, G is an L-space in its own right. If X :
 .E, U is locally L-convex, then for the uniformity induced on X by U,
 < .X, G is locally L-convex. X :
The class of L-spaces contains topological vector spaces and their
convex subsets, as well as a number of spaces with different abstract
topological convexities that can be found in the literature. In particular, if
G, as in Definition 3.1, verifies the additional condition
 .  :  .  .)) For each A, B g E , A ; B implies G A ; G B ,
 . w xthen the pair E, G is what is called by Park and Kim 21 , a G-con¨ex
space.
To prove a selection theorem, let us now introduce a stronger convexity
w xrequirement, which, however, weakens a definition given by Bielawski 6 .
DEFINITION 3.3. A B9-simplicial con¨exity on E is given by a family of
continuous functions Fw x 0 , x1, . . . , x n x: D ª E defined for each n G 0 andn
 . nq1each x , x , . . . , x g E satisfying:0 1 n
 .  . nq1 pi For all n G 1 and x , x , . . . , x g E , l s  l e g ­D0 1 n ks0 i i nk kw x 0 , x1, . . . , x n x . w x i , x i , . . . , x i x p .0 1 pimplies F l s F  l e .ks0 i kk
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 :  .  w x 0 , x1, . . . , x n x .  .Defining for A g E , G A s F l N n G 0, x , . . . , x g0 n
nq1 4A , l g D , it is quite obvious that a B9-simplicial convexity on E is ann
L-structure on E. Then, as previously, X ; E is said to be B9-con¨ex if
 :  .;A g X , G A ; X.
 .Two typical examples of generalized convex spaces that can be en-
dowed with a B9-simplicial convexity are the following:
DEFINITION 3.4. A B-simplicial con¨exity on E is given by a family of
continuous functions Fw x 0 , x1, . . . , x n x: D ª E defined for each n G 0 andn
 . nq1  .each x , x , . . . , x g E satisfying condition i of the previous defini-0 1 n
tion and:
 . w x x .ii F 1 s x.
w xThis is the definition given by Bielawski 6 with the same convex sets.
 :DEFINITION 3.5. An H-structure is given by a set-valued map G: E ª
 .  . `E such that G A ; G B if A ; B, and is assumed to have nonempty C
  .values any continuous function defined on the relative boundary of a
 .finite simplex with values in G A can be extended to a continuous
 ..function defined on the whole simplex with values in G A . X ; E is said
 :  .to be H-con¨ex if ;A g X , G A ; X.
w xDefinition 3.5 is due to Horvath 13]15 , who uses the terminology
c-structure and c-sets for H-structure and H-convex sets defined above.
w xWe adopt here the terminology of Bardaro and Ceppitelli 3 , Ding and
w x w x w xTan 8 , Tarafdar 26, 27 , and Park and Kim 21 . As noted by Park and
w x w xKim 21 , it follows from Theorem 1, Section 1 of Horvath 14 that if G
 .defines an H-structure, then X, G is an L-space. Moreover, we have the
following:
 .PROPOSITION 3.6. Let E, G be an H-space. Then it is possible to define
a B9-simplicial con¨exity such that H-con¨ex sets are B9-con¨ex sets.
 .Proof. Since E, G is an H-space, with every x g E we can associate
 4.an element z g G x . Then we definex
; x g E, F x4 1 s z . . x
 . nq1Next we construct by induction on n and for all x , x , . . . , x g E0 1 n
functions Fw x 0 , x1, . . . , x n x: D ª E such thatn
 .a
p p
w x , x , . . . , x x w x , x , . . . , x x0 1 n i i i0 1 pl s l e g ­D « F l s F l e . . i i n i kk k k /
ks0 ks0
 . w x 0 , x1, . . . , x n x .  4.b F D ; G x , x , . . . , x .n 0 1 n
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 .Assume the construction is possible, ;k - n, and let x , x , . . . , x g0 1 n
Enq1 and l g ­D . We can write l s  p l e , where l ) 0, ;k sn ks0 i i ik k k
w x 0 , x1, . . . , x n x . w x i , x i , . . . , x i x p .0 1 p0, . . . , p and p - n. We define C l s F  l eks0 i kkw x 0 , x1, . . . , x n x .and note that, by the induction hypothesis, C l ;
 4.  4. w x i , x i , . . . , x i x p .0 1 pG x , . . . , x ; G x , . . . , x . Note also that F  l ei i 0 n ks0 i k0 p kw x j , x j , . . . , x j x ny1 . p ny10 1 ny1coincides with F  l e , if l s  l e s  l e ,ks0 j k ks0 i i ks0 j jk k k k k
so that the continuity of the just defined function Cw x 0 , x1, . . . , x n x: ­D ªn
 4. w x j , x j , . . . , x j x0 1 ny1G x , . . . , x follows from the continuity of all functions F .0 n
 4. ` w x 0 , . . . , x n xSince G x , . . . , x is C , we can find an extension F of0 n
w x 0 , x1, . . . , x n x  4.C , continuous on D with values in G x , . . . , x , which satis-n 0 n
 .  .fies by construction conditions a and b above.
It only remains to show that H-convex sets are B9-convex sets. If X is
 .  :an H-convex set, then it is verified that G A ; X, ;A g X . Therefore,
 :to prove that X is a B9-convex set, we have to verify that ;A g X ,
 . nq1 w x 0 , . . . , x n x .;n G 0, ; x , . . . , x g A , F D ; X. But by construction,0 n n
w x , . . . , x x0 n  .  4.  .F D ; G x , . . . , x ; G A ; X.n 0 n
 .  4.COROLLARY 3.7. If E, G is an H-space such that ; x g E, x g G x ,
then E has a simplicial con¨exity.
 .The two previous examples encompass sometimes obviously topologi-
w x w xcal convex structures introduced in 1, 2, 12, 16]18, 20]25 . In 16 , an
order theoretical version of the H-convexity is given. The proof that
w xhyperconvex spaces 1, 2, 23 are locally H-convex spaces is not trivial and
w xcan be found in Horvath 15 .
The interest of Definition 3.3 is in the following selection theorem,
w xwhich extends Proposition 3.9 in Bielawski 6 , and for which we give the
same simple proof.
PROPOSITION 3.8. Let C be a B9-con¨exity on a topological space Y. Let
X be a paracompact space, and let f : X ª Y be a correspondence with
y1 . nonempty, C-con¨ex ¨alues and open lower sections f y s x g X N y g
 .4f x . Then f has a continuous selection.
 .Proof. Let U be an open neighborhood finite refinement of thei ig I
 y1 ..  .open covering f y of X, and let l be a continuous partitiony g Y i ig I
 .of unity subordinated to U . With each i g I, we associate y g Y suchi ig I i
y1 . that U ; f y . We can assume that I is a well-ordered hence com-i i
.pletely ordered indexing set and define for x g X,
m
w y , . . . , y xi i0 mf x s F l x e , .  . i kk /
ks0
 4   . 4where i , . . . , i s i g I N l x ) 0 and i - i - ??? - i .0 m i 0 1 m
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 .Let G be the map associated with the B9-convexity. Then f x g
 4.  .  .G y , . . . , y , with y g f x , k s 0, . . . , m. Since f x is B9-convex,i i i0 m k
 .  .f x g f x . On the other hand, let V be a neighborhood of x thatx
intersects only a finite number of U , let's say U , . . . , U , where j - j -i j j 0 10 n
 .   . 4  .??? - j . For all x9 g V , if J x9 s i N l x9 ) 0 , then J x9 ;n x i
 4  .j , . . . , j , and it then follows from i in Definition 3.3 that0 n
n
w y , . . . , y xj j0 nf x9 s F l x9 e . .  . j kk /
ks0
It is now obvious that f is continuous at x.
We are now ready to state the main result of this section. Let X and Y
be two topological spaces. For a given convexity structure C on Y, let us
define the following classes of correspondences:
 4C X , Y [ F ; X ª Y N F is u.s.c. with nonempty C-convex values . .
 .  .If X, U and Y, V are uniform spaces, we use the continuity property
 .given in Section 2 :
w x;V g V , ; x g X , 'U g U , F U x ; V F x , 1 .  . .
and set
C X , Y [ F : X ª Y N F satisfies 1 and has nonempty .  .
C-convex values .4
 .  .We will write C X for C X, X .
PROPOSITION 3.9. In all three following cases:
 .i C is a H-structure,
 .ii C is a B-simplicial con¨exity,
 .iii C is B9-con¨exity,
 .  .we ha¨e C X, Y ; A X, Y , pro¨ided X is paracompact and Y is a locally
C-con¨ex space.
The same is true if C is an L-structure and if X is compact.
Proof. Recalling that a paracompact topological space is uniformizable,
let U be a basis of symmetric entourages for the uniformity on X. Let us
 .also assume that Y, V is endowed with a C-convexity such that for every
w x  .V g V , V A is C-convex whenever A is C-convex. Given F g C X, Y
 .and U, V g U = V , let C : X ª Y be the open-graph majorant of FU, V
given by Lemma 2.3. By construction, the values of C being finiteU, V
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 .intersections of C-convex sets namely, V-neighborhoods of values of F
 .  .  .are also C-convex. By Proposition 3.8, in cases i , ii , and iii , the map
 .  .C admits a continuous selection s satisfying s x g C x :U, V U, V U, V U, V
w  w x.xV F U x , ; x g X. The entourages U and V being arbitrary, it follows
 .that F g A X, Y .
If X is compact and C is an L-structure, the existence of a selection for
a correspondence with nonempty C-convex values and open lower section
is obvious see, for example, the proof of Theorem 3 in Horvath and
w x.Llinares 16 .
COROLLARY 3.10. Under the assumptions of the pre¨ious proposition, if X
 .is compact, for e¨ery U, V g U = V , there is a finite subset A of Y such
 .  .that s X ; G A . Moreo¨er, in all cases where s is pro¨ed to exist, itU, V U, V
 .can be chosen so that s X is contained in any C-con¨ex subset of YU, V
 .containing F X .
Proof. The first assertion is obvious given the proof of the existence of
s . To prove our last assertion, it suffices to apply Proposition 3.9,U, V
  ..replacing Y with co F X .C
w xCorollary 3.10 extends Theorem 6 in Horvath 15 , stated for the case
where X and Y are metric spaces. Both have as an obvious corollary
w xTheorem 1 in Cellina 7 , stated for the case where X is a metric space, Y
 .is a Frechet linear space where balls are convex , and the correspon-
dences are compact.
For other examples of nonconvex approachable maps, the reader is
w x w xreferred to Ben-El-Mechaiekh and Deguire 5 and Ben-El-Mechaiekh 4
and to their lists of references.
4. THE MAIN THEOREM
The Himmelberg fixed-point theorem for self-correspondences defined
on convex subsets of locally convex topological vector spaces was extended
to the class A by the first author as follows.
w xLEMMA 4.1 4 . If X is a nonempty con¨ex subset of a locally con¨ex
 .topological ¨ector space and if F g A X is upper semicontinuous with
 .nonempty closed ¨alues, then F has a fixed point pro¨ided F X is contained
in a compact subset K of X.
We provide now a generalization of this result to a class of uniform
w xL-spaces satisfying an additional property borrowed from Horvath 14 .
 .THEOREM 4.2. Assume that X, U, G is a uniform L-space such that for
e¨ery U g U, there exist two correspondences S: X ª X and T : X ª X
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 .depending on U satisfying
 .  .  .i ; x g X, S x ; T x
 .   .:  .  .ii ; x g X, ;A g S x , G A ; T x
 .  y1 . 4iii X s j int S y , y g X
 .  . w xiv ; x g X, T x ; U x .
 .Assume also that F g A X is u.s.c. with nonempty closed ¨alues. Then F
 .has a fixed point, pro¨ided F X is contained in a compact subset K of X.
Proof. Let U g U be arbitrary but fixed, and consider a cover of K by
 y1 .4na finite collection int S y and a continuous partition of unityi is0
 .na s a subordinated to this cover.i is0
 .Applying condition ) in the definition of L-convexity, there exists
 :  . a continuous function f : D ª X such that ;J g N , f D ; G y NN J i
4i g J . Note that for every x g K,
y1 w xf ( a x g G y N x g int S y ; G y N y g S x ; T x , 4 .  .  . 4  .i i i i
 . w xso that f ( a x g U x .
Let us now consider the correspondence
f F a
C s a (F( f : D ª X ª K ª D .n n
Since D is compact, it follows from Lemma 2.3 that C is approachable.n
  ..By Lemma 4.1, C has a fixed point s g D , that is, s g a (F f s .n
 .Recalling that the previous results depend on the choice of U, let x s f s .U
Then,
x g f ( a (F x g U F x . . U U U
Clearly, x is a U-approximate fixed point for F. Since U was arbitrarilyU
 4chosen and F is u.s.c. with compact values, the net x has an accumula-U
tion point that is a fixed point for F.
 .Note that the condition iv in the previous theorem means that T and
Id are U-near.X
 .Clearly, if X, U,G is such that for every U g U, there exists V g U,
 w x:  . w xV ; U, such that ; x g X, ;A g V x , G A ; U x , then the corre-
 . w x  .  .w xspondences defined by T x s U x and S x s int V x satisfy the
 .  .conditions i ] iv in the previous theorem, so that we have the following
corollaries.
 .COROLLARY 4.3. Assume that X, U, G is a uniform L-space such that
 w x:for e¨ery U g U, there exists V g U, V ; U such that ; x g X, ;A g V x ,
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 . w x  .G A ; U x . Assume also that F g A X is u.s.c. with nonempty closed
 .¨alues. Then F has a fixed point, pro¨ided F X is contained in a compact
subset K of X.
 .COROLLARY 4.4. Assume that X, U, G is a uniform L-space such that
w xfor e¨ery U g U and for e¨ery x g X, the ball U x is con¨ex. Assume also
 .that F g A X is u.s.c. with nonempty closed ¨alues. Then F has a fixed
 .point, pro¨ided F X is contained in a compact subset K of X.
 .Remark 4.5. In Corollary 4.3, the condition on X, U, G corresponds
w xto what is called by Bielawski 6 ``local simplicial convexity'' when the
convexity on X is a simplicial convexity.
Remark 4.6. Obviously, under the condition of the previous theorem
 .  .or of Corollaries 4.3 and 4.4 on X, U, G , a compact continuous function
from X to X has a fixed point. This remark generalizes Theorem 4,
w x w xSection 4 in Horvath 14 and Remark 2.4 in Bielawski 6 .
Therefore, combining Corollary 4.4 with Proposition 3.9, we obtain the
two following consequences.
COROLLARY 4.7. Assume that C is either an H-structure or, alternati¨ ely,
 .a simplicial con¨exity or a B9-simplicial con¨exity, that X, U is a nonempty
w xparacompact locally C-con¨ex space where the balls U x , x g X, are C-con-
  4.  4 .¨ex or equi¨ alently, since X is Hausdorff, such that G x s x , x g X ,
 .and that F g C X has nonempty closed ¨alues in X. Then F has a fixed
 .point, pro¨ided F X is contained in a compact subset K of X.
The same is true if C is an L-structure and if X is compact.
COROLLARY 4.8. In the pre¨ious statement, the condition that X is
paracomapct can be replaced by X metric.
Recalling that X as in Corollary 4.8 is called an lc-metric space by
Horvath, Corollary 4.8 generalizes in several respects the corollary to
w xTheorem 6 in Horvath 15 and, in the particular case where the corre-
spondence is a single-valued function, Corollary 4 to Proposition 1, Section
w x4 in Horvath 14 .
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